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I . I NTRODUCT I ON 

This   paper ,es tab l i shes   the   parameters   impor tan t  to t h e   s t a b i l i t y  of  

a boundary  layer flow o v e r  a yawed sp inn ing   cy1  i n d e r   i n  a un i  fo.rm stream. 

I t  will be shown t h a t   t r a n s i t i o n   o c c u r s   a s y m m e t r i c a l l y   i n   g e n e r a l   a n d   t h i s  

asymmetry  can  be  important for  the   p red ic t i on   o f   ae rodynamic   f o rces   and  

moments (e.g., t h e  Magnus e f f e c t ) .   I n s t a b i l i t y  of  t h e   s t e a d y - s t a t e  

boundary  layer  flow i s   d e t e r m i n e d   u s i n g  "smal 1 "  d is turbance  theory.   A l though 

t h i s  approach i s   s t r i c t l y   v a l i d   o n l y  fo r  t h e   c a l c u l a t i o n  of t h e   c o n d i t i o n s  

for  " s t a b i l i t y   i n   t h e   s m a l l " ,   e x p e r i m e n t a l   d a t a   i n d i c a t e   t h a t   i n  many 

problems, i t  is usem1  in   t he   p red ic t ion  of t r ans i t i on   t o   t u rbu lence .  

The s t a b i  I i t y  o f  t h e   b o u n d a r y   l a y e r   w i t h   r e s p e c t   t o  "smal 1 "  d i  s- 

turbances  has  been  invest igated  by many authors,   perhaps  most  notable 

among them, O r r , '  Sommerfeld,' To1 Imien,3  Schl icht ing,4  L in,5  and  Squire.  6 

The b a s i s  for  the   p resent   work   can  be t r a c e d   p r i m a r i  l y  t o   t h e  work o f  L in ,  

Squ i re,  and  Kuethe. 7 

There  has  been I i t t l e   e x p e r i m e n t a l   d a t a   g e n e r a t e d  on the  boundary 

l a y e r   p r o p e r t i e s  of s p i n n i n g   b o d i e s   a t  smal I angles o f  a t t a c k .  Thorman 0 

i nves t i ga ted   exper imen ta l l y   t he   boundary   l aye r   on   an   og i ve   cy1   i nde r   bu t  

d i d   n o t  make s u f f i c i e n t  measurements t o  map t h e   t r a n s i t i o n   l i n e .   F u r u y a ,  

Nakamura  and  Kawachi' m a s u r e d   t h e  momentum th ickness   on  a s p i  nn i ng  bod/ 

of revo lu t i on ,   wh ich  was unyawed, for  va r ious   va lues  o f  s p i n   r a t e .   T h e i r  

data,   however ,   are  not   usefu l   here,   s ince  the  body was i n   c l o s e   p r o x i m i t y  

t o  t h e   w a l l  of the  wind  tunnel   and  hence a p ressu re   g rad ien t  was present .  

I t  i s  i n t e r e s t i n g  t o  n o t e   t h a t   t h e i r   r e s u l t s  d o   a g r e e   q u a l i t a t i v e l y   w i t h  

those  presented  here.  



2. EQUATIONS OF MOTION - STEADY-STATE  ANALYSIS 

Consider a s e m i - i n f i n i t e   r o t a t i n g   c i r c u l a r   c y l i n d e r  of rad ius ,  R, 

w i t h   a n g u l a r   v e l o c i t y ,  w, s i t u a t e d   i n  a pa ra l l e l ,   i ncompress ib le   f l ow ,  

w i t h   f r e e   s t r e a m   v e l o c i t y ,  Vo3, a t  an  angle-of -at tack,  a. The coo rd ina te  

system  used i s   f i x e d  t o  t h e  body b u t  does n o t   r o t a t e   w i t h  i t .  The o r i g i n  

i s   l o c a t e d   a t   t h e   l e a d i n g  edge o f   t h e   c y l i n d e r ,  x i n c r e a s e s   i n   t h e   d i r e c -  

t i o n   o f   t h e   f l o w ,  y normal t o   t h e  body  and z i n   t h e   a z i m u t h a l   d i r e c t i o n .  

F o r   t h e   b o u n d a r y   l a y e r   f l o w   t h e   c u r v a t u r e   o f   t h e  body w i l l  be  neglected,* 

as w e l l  as t h e   p r e s s u r e   g r a d i e n t   i n   t h e  x d i r e c t i o n .  The s teady   s ta te  

boundary  layer   equat ions of m o t i o n "   f o r   t h i s  body f i xed   sys tem (shown i n  

F igu re  I )  a r e  

where u, v, and w a r e   t h e   v e l o c i t y  components i n   t h e  x, y, and z d i r e c -  

t i o n s   r e s p e c t i v e l y ,  p t h e   s t a t i c   p r e s s u r e ,  and, p t h e   d e n s i t y .  
I 

The r a d i u s   o f   c u r v a t u r e   o f   t h e  body  can  be neg lec ted  when it, and 

the   l eng th   f rom  the   l ead ing   edge   o f   t he  body, a r e   l a r g e  compared t o   t h e  

boundary  layer   th ickness.  Away f rom  the  leading  edge and f o r   l a r g e  

'2 
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Reynolds  numbers  both o f   t h e s e   a s s u m p t i o n s   a r e   s a t i s f i e d .  

There  are  three  important  nondi   mensiona I groups of pa ramete rs   f o r  

t h i s  flow, t h e   f i r s t  group i s   t h e  Reynolds number  based  on f ree   s t ream 

v e l o c i t y ,  Vm, and L, where  L i s  the   d i s tance   f rom  the   l ead ing   edge .  

The second  and t h i r d   g r o u p i n g s   a r e  

and 

where W *  w i  I I be ca l   led   the   reduced Rossby  number ( t h e  Rossby  number be ing  

t h e   r a t i o  Vm/wR; and, a* will be c a l l e d   t h e   m o d i f i e d   a n g l e - o f - a t t a c k .  

The boundary   cond i t i ons   f o r   t hese   equa t ions   a re  given by slender body 

theory as 

u(0 )  = . v ( O )  = 0 ~ ( 0 )  = wR 

The pressure   g rad ien t ,  Pz, i s  t h a t   o f   t h e   e x t e r n a l   p o t e n t i a l   f l o w ,  and i s  

f o r  small ang les-o f -a t tack ,  

4 



U s i n g   t h i s   f u n c t i o n ,   e q u a t i o n s  (2.1) - ( 2 . 3 )  can be so lved for t h e   v e l o c i t y  

f i e l d .  I t  i s   t h i s  c a s e   t h a t   i s   t r e a t e d   i n   t h e   l i t e r a t u r e  and f o r  wh ich   the  

s o l u t i o n s  will be given  below. 

2 .  I S o l u t i o n  

Equat ions (2.1) - ( 2 . 3 )  have been so 

and w a s   p e r t u r b a t i o n   s e r i e s   i n   t h e   q u a n t  

f o r  most a p p l i c a t i o n s .   T h i s   f o r m u l a t i o n  

lved by M a r t i   n l 0  by w r  

i t i e s  a and wR/V,  both  

leads t o   t h e   f o l l o w i n g  

i t i n g  u, v, 

being  smal l  

so I u t   i o n s  

i n   t e r m s   o f   t h e   n o n d i  mensiona I parameters 

W 
“ - I - ( I  - 2 a w s  
wR R R  

* *  

where 

i s   t h e   B l a s i u s   s i m i  

i n   e q u a t i o n s  (2.81, 

( 2 .  IO )  

l a r i t y   v a r i a b l e .  A t a b u l a t i o n   o f   t h e   f u n c t  

(2.9) and (2.10) can be found i n   r e f e r e n c e  

5 
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d e n o t e s   d i f f e r e n t i a t i o n   w i t h   r e s p e c t   t o  q. I t  i s   c l e a r   t h a t   t h e   c r i t e r i a  

f o r   n e g l e c t i n g   h i g h e r   o r d e r   t e r m s   a r e   b o t h  a and be  smal I ( i .e . ,  << I ) ,  

s i n c e   a l  I o t h e r  va I ues i n   t h e  above  equations  are  bounded by one. The 

consequences of t h i s   a r e  more s t r i n g e n t   t h a n   t h o s e  imposed  by t h e   r e q u i r e -  

ment t h a t  a and wR/Vm be smal l .  

% I 
R w R 

6 



3. STABILITY ANALYSIS 

For   t he   pu rpose  of t h e   s t a b i l i t y   a n a l y s i s   o n l y   t e r m s  o f  f i r s t   o r d e r   i n  

a *   a re   re ta ined* in   t he   s teady -s ta te   so lu t i on ,   wh ich  becomes R 

where U and W represet i t   the   s teady-s ta te   laminar   boundary   layer   ve loc i ty  

p r o f i l e s  on t h e   c y l i n l e r  (-, be ing  O(Re-1 '2 ) ,  w i  I I be neg lec ted ) .  
V 

"m L 

3. I Equat ions o f  Mot ion  

The Nav ie r -S tokes   equat ions ,   inc lud ing   t ime  ra tes  of change,' and, 

n o n d i m e n s i o n a l i z i n g   v e l o c i t i e s  on f r e e   s t r e a m   v e l o c i t y ,  Vm, coo rd ina tes  

on  boundary  layer  d isplacement  th ickness, 6, p ressure  on pV2, and t i m e  on 

6/Vm become 

,. 
A ,.A A,. .. n 

U T  + uu- + vu.. + wu; = - ( U A A  + U - -  + u - * )  - 
X Y xx  yy z z  p;t Re 

A -  I -  

6 

c- + UV"  + K- + wv; - - ( V " "  + ;-- + jAA)  - 6- A,.  A,. I -  
t X Y xx  yy z z  Y 

- 
Re 6 

A A 

- A  + V I  + w -  = 0 
ux  y z 

* 
Terms i n v o l v i n g  Uf (n  2 2 )  have  a lso  been neg lec ted .  w;n 

tWhere curvature  has  been  neglected. 
7 



where t h e   c i r c u m f l e x . d e s i g n a t e s   t h e   n o n d i m n s i o n a l   v a l u e   o f   t h e   v a r i a b l e .  

3.2 Zero Ang I e-of   -At tack 

F i   r s t   c o n s i d e r   t h e  case o f  zero   ang le -o f -a t tack .   In   th is   case 

V 
m 

(3.7c, d l  

where U and W a r e   t h e   s t e a d y - s t a t e   s o l u t i o n s   ( e q u a t i o n s  3. I and  3.2 w i t h  

a* = 01, and the   as te r i sked   quan t i t i es   deno te   t he   pe r tu rba t i ons   wh ich   have  

t h e   f o r m -   o f  a t h r e e   d i  mens iona I d is tu rbance 

0 0 

11 

(3 .8a)  

(3.8b3 

( 3 . 8 ~ )  

(3.8d) 

Here y and B a r e  assumed r e a l  and  c cornp lex.  

The v e l o c i t i e s  and pressure   a re   cons idered as t h e  sum o f  a steady- 

s t a t e  component  and  a p e r t u r b a t i o n .  The p e r t u r b a t i o n  assumed i s   p e r i o d i c  

i n   t h e   s p a t i a l   v a r i a b l e s  G, and i, t i m e  ;, and f u n c t i o n a l l y  depends  on 

the   d is tance norma I t o   t h e  body q .  This   t ype  o f  d i s t u r b a n c e   i s  seen i n  

8 



t he   exce l   l en t   pho tog raph  by Brown' I i n  which , ,  . t he   d i s tu rbance   on  a sp inn ing  

body a t   z e r o   a n g l e - o f - a t t a c k   c l o s e l y   r e s e m b l e s   t h e   c l a s s i c   T o l l m e i n -  

S c h l   i c h t i n g  waves normal t o  t h e   r e l a t i v e   v e l o c i t y   v e c t o r  due t o   b o t h   t h e  

c i r c u m f e r e n t i a l  and f r e e   s t r e a m   v e l o c i t i e s .   S u b s t i t u t i n g   e q u a t i o n s  (3.71, 

(3.81, and U and W go t ten   f rom  equa t ions  (3.1) and ( 3 . 2 )  i n t o   e q u a t i o n s  

( 3 . 3 )  - ( 3 . 6 )  y i e l d s  

0 0 

where t h e   p r i m e s   d e n o t e   d i f f e r e n t i a t i o n   w i t h   r e s p e c t   t o  q ,  a: = y2 + B 2 ,  

Q1 = Uo/V, + BWo/yV,, and c l  = c/y. The boundary   cond i t ions   a re  

and 

This  boundary  value  problem  has been t r e a t e d   i n   t h e  I i t e r a t u r e ,   w i t h  

the   excep t ion   o f   t he   boundary   cond i t i ons   on  Q1. Equat ion ( 3 . 9 )  i s  

t r a n s f o r m e d   i n t o   t h a t   s o l v e d  by L i n 5 b y   u t i l i z i n g   t h e   f o l l o w i n g   r e l a t i o n s h i p s ;  

similar to those used by Kuethe 7 

(3.12a) 

9 



S u b s t i t u t i n g   e q u a t i o n s  (3.12) i n t o  ( 3 . 9 )  y i e l d s  

w i t h   t h e  same boundary  condi t ions  on _v as   be fore ,   bu t   w i th   the   boundary  

c o n d i t i o n s  G1(01 = 0, G l C l  1 = I .O.  

Thus, e q u a t i o n  (3.13) i s  t h e   O r r - S o m m e r f e l d   e q u a t i o n   f o r   t h e   f l a t  

p I a t e  f I ow s t a b i  I i t y   p r o b l e m  since = f; . It  has been studied 

extensively and an approximate  solution for the minimum  critical  Reynolds 

number, Re, , based on displacement thickness can be  written as - 

43. I (-1 - wal I 
R =  ( 3 . 1 4 )  . .  e 

6 E ;  

where el i s   t h e   d i m e n s i o n l e s s  wave speed   de te rm ined   by   t he   cond i t i on   f o r  

n e u t r a l  s-habi I i t y :  



This   equat ion   has   been  so lved  numer ica l l y  and y i e l d s  a v a l u e  of  

E1 = .4136, which  g ives a minimum c r i t i c a l  Reynolds number based  on  d is-  

p lacement   th ickness = 485. However, i n v e r t i n g   e q u a t i o n   ( 3 . 1 2 ~ )   f o r  

the   Reyno lds  number y i e l d s  
e l  

c r i t i c a l  

This  Reynolds number (based  on   d isp lacement   th ickness)   i s   m in imized  fo r   the  

c o n d i t i o n  

g i v i n g  

- - 485 
Re (3.18) 

'mi n i mum 
c r i t i c a l  m 

T h i s   e q u a t i o n   i s   p l o t t e d   i n   F i g u r e  2 and i n d i c a t e s   t h a t   t h e   s p i n   r a t e  

o f   t h e  body i s  a l a r g e   f a c t o r   i n   d e t e r m i n i n g   t h e   s t a b i l i t y  o f  the  boundary 

l a y e r  flow. Al though  the  Reynolds number i s   p l o t t e d   t o  a v a l u e   o f  wR/Vm= I ,  

t h e   r e s u l t s  w i l l  be ques t ionab le  when the  inverse  reduced Rossby  number, 

I/w*, i s   n o t   s m a l l .  

I n  t h i s  case the   ra t io   g iven  by equation (3.1") y ie lds   t he  minimum 

value and implies   that   ' the   dis turbances most l i k e l y  t o  be  amplified 

.fir&.-w511 propwate i n  the   d i rec t ion  of the  veloci ty  vector V&i + wRk 
+ + 

11 
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Th is  i s  i ndeed  the   case  ind ica ted  1.n Brown's  photograph,  and i s  c o n s i s t e n t  

w i t h  what wou Id,  be p r e d i c t e d   b y  Squ i re's  theorem. 

3.3  S m  I I Ang I es-of -A t tack  - Formu I a t   i o n  

N o w  cons ide r   t he   case  of  small m d i f i e d   a n g l e - o f - a t t a c k ,  a* which 

i n t r o d u c e s   s i g n i f i c a n t   c o m p l e x i t y   i n t o   t h e   e q u a t i o n s .  The s teady-s ta te  

s o l u t i o n   i s   w r i t t e n  as 

R' 

u = U + a*U1 
O R  

W = W + a*W1 
O R  

where 

(3.19a) 

(3 .   I9b)  

and 

As be fore ,  assume  a d is tu rbance  g iven  by equat ions  ( 3 . 8 )  and s u b s t i t u t e  

i n t o   e q u a t i o n s  ( 3 . 3 )  - (3 .6) .   Neg lec t ing   te rms O ( R e  and l e t t i n g  
- 
L 

y i e  I ds 

13 



The d i f f e r e n c e   b e t w e e n   t h i s   e q u a t i o n   a n d   t h a t  fo r  t h e   z e r o   a n g l e - o f -  

a t t a c k   c a s e   i s   t h e   a n g l e - o f - a t t a c k   a n d  B/y dependence o f  QP. I n   t h e  l im i t  

o f  a* -+ 0 t h i s   r e d u c e s   t o   t h e   e q u a t i o n   a s  fo r  t h e   z e r o   a n g l e - o f - a t t a c k  R 

case . 
The boundary   cond i t ions   a re  

for ( 3 . 2 3 )  

3.4 Numer ica l   So lu t ion  

The f u n c t i o n  QT i s   n o t   i n   g e n e r a  I rmnotonic  and for  some va I ues o f  

- e x h i b i t s   o v e r s h o o t   a n d / o r   i n f l e c t i o n   p o i n t s   ( s e e   F i g u r e  3 ) .  Because o f  B 
Y 
t h i s ,   t h e   a n a l y t i c   t e c h n i q u e  of L i n  used i n   t h e   z e r o   a n g l e - o f - a t t a c k   c a s e  

does n o t   n e c e s s a r i l y   a p p l y .   I n t u i t i o n   w o u l d   s u g g e s t   f . o r  smal I a* and l/u* 

t h a t   t h e   d i   r e c t i o n  of  p r o p a g a t i o n   o f   t h e  most   unstable mode  wou I d be 

approx imate ly   g iven  by - @ and t h e   h c i g h t   o f   t h e   c r i t i c a l   l a y e r   w o u l d   n o t  

change much. I f  t h i s   i s   t h e  case,   then  L in 's   approx imate   techn ique  shou ld  

y i e l d  good resu l t s   and   wou ld   p rov ide  a r a p i d  way o f   s o l v i n g   e q u a t i o n  ( 3 . 2 2 ) -  

However, a s   p o i n t e d   o u t   i n   t h e  I i t e r a t u r e   ( e . g . ,  Rosenhead"), i n f l e c t i o n  

poi n ts   can  p lay  an  impor tant   and  perhaps  even domi n a n t   r o l e   i n   t h e   s t a b i  I itY 

quest  ion.  I n  f a c t ,  Rosenhead sugges ts   t ha t   t he   mos t   uns tab le  mode  may be 

i n   t h e   d i r e c t i o n   i n   w h i c h   t h e   i n f l e c t i o n   p o i n t   c o r r e s p o n d s  t o  QT = 0, 

which i n   t h i s  case,  would  not  be  near - wR/VU,. Thc h c i g h t  of t h e   c r i t i c a l  

layer   would a l s o  bc: g r c a l - l y  ctl,anqc.!d I i n ' s  , ~ p l ) t o x i m , ~ i  ion w o ~ ~ l t l  no1  I)[; 

expected t o  work. 

"m 
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To s e t t l e   t h i s   q u e s t i o n ,   e q u a t i o n  (3.22) was so l ved   numer i ca l l y  by  a 

s t a n d a r d   f i n i t e   d i f f e r e n c e  scheme for two point   boundary  va lue  problems.  

The p rocedure   cons i s t s  of  s e a r c h i n g   i n  a1 and B/y f o r   t h e  minimum c r i t i c a l  

Reynolds number a t  each  azimutha I p o s i t i o n .  The r e s u l t s   a r e  shown i n  

F igures  4 t h rough  9 f o r   t y p i c a l   v a l u e s   o f   t h e   p a r a m e t e r s .  

F igu res  4 and 5 i n d i c a t e  a  marked v a r i a t i o n   i n   t h e  minimum c r i t i c a l  

Reynolds number as a func t i on   o f   az imu tha l   ang le .   I nc luded   on   t hese  

f i g u r e s   i s   t h e   a n a l y t i c   s o l u t i o n s   d e s c r i b e d   i n   t h e   n e x t   s e c t i o n .   F i g u r e  

6 shows  a t y p i c a l   n e u t r a l   s t a b i l i t y   c u r v e .   T h e r e   i s   c o n s i d e r a b l e   v a r i a -  

t i o n   i n   t h e  shape o f   t h e   n e u t r a l   s t a b i l i t y   c u r v e   d e p e n d i n g  on B/y and 

az imu tha l   pos i t i on .  

The v a r i a t i o n   i n   t h e   d i r e c t i o n   o f   p r o p a g a t i o n   o f   t h e  

m d e   i s   i n d i c a t e d   i n   F i g u r e  7 fo r  a typ ica l   case.  I t  can 

excu rs ion   f rom  the  - d i r e c t i o n   i s   n o t   s u b s t a n t i a l .  Th 

an   app rox ima te   ana ly t i c   so lu t i on   w i th  B/y = - UR shoul d  y 

Ut? 

m 

m 

m s t  unstab  le  

be  seen t h a t   t h e  

i s  sugges ts   t ha t  

i e I d reasonab I e 

resu l t s   s ince ,   as   can  be  seen i n   F i g u r e  8, t h e  minimum c r i t i c a l  Reynolds 

number v a r i a t i o n  near. t h i s   v a l u e   o f  B/y i s   s m a l l .   I n   a d d i t i o n   t h e   h e i g h t  

of t h e   c r i t i c a l   l a y e r ,   a s   i n d i c a t e d  by t h e   p r o p a g a t i o n   v e l o c i t y  of  t h e  

d is turbance,  does n o t   v a r y   s u b s t a n t i a l l y ,   c f   F i g u r e  9 .  
- 

f? 

3.5 Approxi  mate So I u t   i o n  

The r e s u l t s - o f   s e c t i o n  3.4 i n d i c a t e   t h a t  an approp r ia te   so lu t i on   such  

as t h a t   o f   L i n   s h o u l d   y i e l d   r e a s o n a b l e   r e s u l t s .   I n t r o d u c i n g   t h e   t r a n s f o r m a -  

ti ons 
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( 3 . 2 4 ~ 1  

and s u b s t i t u t i n g   i n t o   e q u a t i o n   ( 3 . 2 2 )   g i v e s  

w i t h   t h e  same boundary  condi t ions  on v [equat ion (3.2311 b u t  

and Q 1 ( 1 )  = I. The s o l u t i o n  for  the   approx imate  minimum c r i  

number i s   g i ven   by   equa t ion   (3 .14 ) .  

w i t h  o l ( O 1  

t i  ca I Reyno 

= o  

Ids  

Due t o  t h e   i n t r o d u c t i o n   o f   a n g l e - o f - a t t a c k ,   t h e   s o l u t i o n   i s   t h r e e  

d imens iona l   in   charac ter ,   and a s i m p l e   s i m i l a r i t y   s o l u t i o n  no l o n g e r   e x i s t s .  

T h a t   i s ,   t h e   s t e a d y - s t a t e  sol u t   i o n   n o  I onger depends on a lone,  but  now 

depends on & and  as we1 I .  I n   e q u a t i o n  (3 .15)  t h e   c a l c u l a t i o n  of t h e  

wave speed  no  longer  can be accomplished  independent o f   p o s i t i o n   o n   t h e  

body. 

These   equa t ions   a re   so l ved   by   assuming   t ha t   t he   e f fec t  of a sma I I 
,. 

a n g l e - o f - a t t a c k   o n   t h e   v a l u e   o f  y f o r  t h e   c r i t i c a l   h e i g h t ,  and t h e  

assoc ia ted  wave speed E l  w i  I I be sma i I , hence 

23 



y = yo + agYl 
A -  * (3.26) 

w h i c h   y i e l d s  The f o l l o w i n g   e x p r e s s i o n   f o r   t h e  wave speed 
13 

where t h e   f u n c t i o n s  R, E a r e   g i v e n   i n   r e f e r e n c e  13, and  yo is   the   va lue  

o f  cor respond ing  t o  the   ze ro   ang le -o f -a t tack   case .  The  minimum c r i t i c a l  

Reynolds number i n   t h i s   c a s e  can be w r i t t e n  as 

c ' r i t i c a l  (3.28) 

As can be  seen i n   F i g u r e s  4 and 5 t h i s   a p p r o x i m a t e   s o l u t i o n   y i e l d s  

g r a t i f y i n g   r e s u l t s .   I n   a d d i t i o n ,   F i g u r e  IO i l l u s t r a t e s   t h e  dependence o f  

t h e  minimum c r i t i c a l  Reynolds number o n   t h e  two parameters a* and I /w* .  

The i n t r o d u c t i o n  of  an 

t o  t h e   e f f e c t s   o f   s p i n  

of  a* and I / w *  t h i s  da 

due t o  the  assumpt ions 

Pre l   im inary   exper  

t 

i 

ang le-o f -a t tack  makes t h e   b o u n d a r y   l a y e r   m r e   s u s c e p t i b l e  

I t  should be n o t e (   h e r e   t h a t  fo r  t h e  i arger   va I ues 

a should be c o n s i d e r e d   o n l y   q u a l i t a t i v e   i n   n a t u r e  

made. 

mental resu l t s13   ind ica te  that  the   " t r ans i t i on   l i ne"  

i s  indeed skewed w i t h   r e s p e c t  t o  t h e   p l a n e  of  t h e   a n g l e - o f - a t t a c k   i n   t h e  

same ganeral  way a s   p r e d i c t e d   b y   t h i s   a n a l y s i s .  

24 
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r e s u l t   i n  an asymmetric  growth o f  the   boundary   l aye r   (F igu re  I I ) .  The 

The  Magnus e f f e c t   r e s u l t i n g  from c o n s i d e r i n g   t h e   p o t e n t i a l   f l o w   a b o u t  

a  "new" body, whose e f f e c t i v e  shape  inc ludes   the   d isp lacement   th ickness ,  

can be determi   n?d  us i  119 s lender   body   theory .  

The v e l o c i   t y   p o t e n t i a  I can   be   w r i t t en   as  

@ = @ . + I $  
I 

(3.29) 

where @. i s   t h e   i n v i s c i d   p o t e n t i a l   s o l u t i o n  and + i s   t h e   p e r t u r b a t i o n  
I 

p o t e n t i a  I due t r 3  the  I loundary  layer.  Assuming * i s  sma I 

t i o n   p o t e n t i a l  must m t i s f y   o n l y   L a p l a c e ' s   e q u a t i o n   ( i n  PO 

a t  each   s ta t i on ,  x, w i th   t he   boundary   cond i t i ons  

a x2 

t h e  

fo r  

was 

n o t  

4 ua 

I ,  t he   pe r tu rba -  

I a r   c o o r d  i nates 1 

where A i s   t h e  boundary  layer  d isplacement  th ickness  and - i s   t h e   s l o p e  o f  aa 
ax 

e f f e c t  i ve body  shape. 

The boundary  layer  d isplacement  th icknesses  grow a t   d i f f e r e n t   r a t e s  

l a m i n a r l o   a n d   t u r b u l e n t 1 3   f l o w s .   F o r   t h e   t u r b u l e n t   c a s e   t h e   g r o w t h  

AI though 

I v e  a 

assumed t o   f o l l o w   t h a t  of  a boundary  layer on a f l a t   p l a t e .  

e n t i r e l y   a d e q u a t e  it was f e l t   t h a t   t h i s  was s u f f i c i e n t  t o  g 

l i t a t i v e   i n d i c a t i o n   o f   t h e   e f f e c t   o f   t h e  skewed t r a n s i t i o n   l i n e .  

The t r a n s i t i o n  from laminar  t o   t u r b u l e n t  flow i s  assumed t o   t a k e  

p l a c e   a t  a Reynolds number p r o p o r t i o n a l   t o   t h e  minimum c r i t i c a l  Reynolds 

number. T h i s   i s   n o t   s t r i c t l y   c o r r e c i -  r,ince i n  i J C f - U i l I  p r ; lc l - ice the  Ti-mLi" 

t i o n  depends  on many f a c t o r s  ( ( 2 .  g .  , f r e e  s t  rwm turl)11 I orlc:e I eve I , Sur f;l(:e 
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roughness,  etc). However, t h i s  wil I t e n d   o n l y   t o   s h i f t   t h e   r e s u l t s   i n   t e r m s  

as w i t  I be o f  Reynolds number w i t h o u t   a f f e c t i n g   t h e   q u a l i t a t i v e   b e h a v i o r ,  

seen  below. 

Lap lace ' s   equa t ion   w i th   t he   above   boundary   cond i t i ons   y ie  

t i o n  for the   pe r tu rba t i on   po ten t i a l   wh ich   can  be used t o   c a l c u  

p r e s s u r e   c o e f f i c i e n t .  The p r e s s u r e   c o e f f i c i e n t   i s   g i v e n  by 

2~ a 1  Z c ="- s i n  
71 ax P 

where 

ZIT 3A I = lo ax s i  n (-1 d ( ~ 1  Z 2 
R 

Ids  a so lu -  

l a t e   t h e  

(3.31 1 

(3.32) 

I n t e g r a t i n g   t h e   p r e s s u r e   c o e f f i c i e n t   t o   o b t a i n   t h e  Magnus f o r c e  and mment  

y i e l d s :  

(3.331 

(3.34 1 

s i n c e   t h e  va I ue o f   t h e   i n t e g r a l  I i s  zero a t  x = 0. 

In tegra t ing   equat ions   (3 .33)   and (3.34) ( e x a c t l y )  f o r  t h e   c a s e s   o f  

f u l l y   l a m i n a r   o r   f u l l y   t u r b u l e n t   b o u n d a r y   l a y e r   f l o w ,   y i e l d s   t h e  same 

r e s u l t s  as  Mar t in . "   For   the  laminar   case 
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and f o r   t h e   t u r b u l e n t   c a s e  

(3.36) 

F o r   t h e   m r e   g e n e r a l   c a s e ,   t h e   a n a l y s i s   i s   c a r r i e d   o u t   n u m e r i c a l l y .  

The  Magnus f o r c e   i s  shown i n   F i g u r e  12 for  a range of   Reynolds number a 

f u n c t i o n  o f  a n g l e - o f - a t t a c k   c a l c u l a t e d   u s i n g   e q u a t i o n   ( 3 . 3 3 ) .  The Magnus 

f o r c e   p r e d i c t e d  wi th an  asymmetric  mixed  boundary  layer i s  somewhat g r e a t e r  

t h a n   t h a t   p r e d i c t e d   w i t h   M a r t i n ' s   t h e o r y .  

The m s t   s t r i k i n g   r e s u l t   i s   i n   t h e   b e h a v i o r  o f  t h e   c e n t e r  o f  pressure 

o f  t h e  Magnus f o r c e   ( F i g u r e  13). 

9 

The c e n t e r  of p r e s s u r e   p r e d i c t e d   o n   t h e   b a s e s   o f   t h e   a s y m m e t r i c   t r a n s i  

can  be w e 1  I forward of t h e   f u l l y   l a m i n a r   c a s e .  Due t o   t h e   u n c e r t a i n t i  

t i o n  

es 

i n   t he   pa ramete rs   wh ich   de te rm ine   t he   ac tua l   t rans i t i on   Reyno lds  number 

d i r e c t   c o r r e l a t i o n   w i t h   e x p e r i m e n t a l   d a t a   i s   n o t   p o s s i b l e ;   t h e   t r e n d s ,  

however,  agree q u i t e  we1 I .  
14,i5 
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These r e s u l t s   c a n   o n l y  be used  as  an  ind icat ion of the   e f fec t   Reyno lds  

number v a r i a t i o n  has  on t h e  Magnus c e n t e r   o f   p r e s s u r e .  I f  t h e   a c t u a l  

t r a n s i t i o n   R e y n o l d s  number  based  on  body l e n g t h   i s ,   f o r  example, 200,000 

a t   ze ro   sp in   and   ze ro   ang le -o f -a t tack   (as   opposed   to   t he  assumed 80,000 

above) ,   then  the   behav io r  o f  t h e   c e n t e r   o f   p r e s s u r e   f o r  a g i v e n   f r e e  

stream  Reynol ds  number  and  angl e-of-at tack  changes. A cornpari  son  can be 

seen i n   F i g u r e  14, where t h e   c e n t e r   o f   p r e s s u r e   l o c a t i o n  i s  p l o t t e d   f o r  

an  assumed t r a n s i t i o n  Reynolds  numbers o f  200,000. A v e r y   s i m i l a r  be- 

h a v i o r   i s   o b s e r v e d   a s   i n   t h e   p r e v i o u s   c a s e  - t h e   p r i m a r y   d i f f e r e n c e   b e i n g  

the  magni tude  o f   the  f ree  s t ream  Reynol  ds  number f o r  each  curve. 

Acknowledgements: The authors  wish t o   t h a n k  M r .  John  Gary o f   t h e   N a t i o n a l  

Center  fo r  Atmspher ic   Research  for   making  avai lab le  the  computer   program 

used t o  so I ve t h e  Orr-Sommerfel  d  equation. More d e t a i l s   o f   t h i s  program 

a re   ava i l ab le   i n   r e f e rence  16. 
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